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ON THE SHARPNESS OF A THEOREM OF B. SEGRE 
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The theorem of B. Segre mentioned in the title states that a complete arc of PG(2, q), q 
even which is not a hyperoval consists of at most q - l / q +  1 points. In the first part of our paper 
we prove this theorem to be sharp for q=s 2 by constructing complete q-l /q+l-arcs.  Our con- 
struction is based on the cyclic partition of PG (2, q) into disjoint Baer-subplanes. (See Bruck [1]). 
In his paper [51 Kestenband constructed a class of ( q -  l/q+ l)-arcs but he did not prove their comp- 
leteness. In the second part of our paper we discuss the connections between Kestenband's and our 
constructions. We prove that these constructions result in isomorphic (q - l /q+  1)-arcs. The proof 
of this isomorphism is based on the existence of a traceorthogonal normal basis in GF(q 3) over 
GF(q), and oll a representation of GF(q) 3 in GF(q3) 3 indicated in Jamison [4]. 

Introduction 

As usual (see Singer [9]) we represent PG (2, q) as G F  (q3) mod G F  (q), q 
is a power o f  a prime. This means that  the points o f  P G ( 2 ,  q) are the nonzero 
elements o f  G F  (qa) and the elements x and y represent the same point  o f  P G  (2, q) 
if and only if x = 2 y  for some 2EGF(q) .  The point  o f  P G ( 2 ,  q) represented by 
x 6 G F  (qa) will be denoted by (x). 

Let  us choose a self-dual basis in the vector space G F  (qa) over G F  (q) (see 
Seroussi and Lempel [8]). The  natural scalar p roduc t  with respect to tiffs basis can be 
given by (a, b ) =  Tr (a, b) where (a, b) denotes the scalar product  o f  a and b and 
Tr (x) = x + x q + x q~. Then the lines o f  PG (2, q) are the sets 

[u] :=  { ( x ) ~ ( G F ( q 3 ) m o d G F ( q ) )  ] Tr(ux)  = 0} for uCGF(qS).  

I f  co is a primitive element o f  G F ( q  3) i.e. G F ( q ~ ) = { 0 ,  o) °, o) 1 . . . . .  e) q~-z} then 
the points o f  P G  (2, q) can be identified with the set {1, co 1, co 2, . . . ,  coq~+q}. Clearly 
the multiplication with co induces a cyclic collineation on P G  (2, q). 

I f  q = s  ~ then cyclic parti t ions of  PG (2, q) can be given in two different 
ways:  The subsets 

Baer (u ) :=  {co,,+i(~-fff+l) I i = 0, 1 . . . . .  q + t~}  

for u = 0, 1 . . . . .  q + t/q fo rm a cyclic partit ion o f  P G  (2, q) into disjoint subplanes 

AMS subject classification (1980): 05 B 25, 51 E 15, 51 E 20 



262 E. BOROS, T. S Z ~ N Y I  

of order ~/q (so called Baer-subplanes) (see Bruck [1] or Yff [11]). Moreover a line 
g of PG (2, q) belongs to one (and only one) subplane Baer (u). (We say that the 
line g belongs to Baer (u) if Ig [/Baer (u)l ~ 2). 

The other natural cyclic partition of PG(2, q) ( q = s  ~) is related to arcs. 
A k-arc is a set of k points in PG(2, q) that has no three collinear points. 

A k-arc is said to be complete if there is no (k + 1)-arc containing it. A line of PG (2, q) 
is a tangent (chora) to the k-arc K if they have one (two) point(s) in common. (q + 1)- 
arcs are called ovals, (q+2)-arcs are called h)perovals. If a complete k-arc is not 
a (hyper)oval, then 

1<~ q - ! ; q + @  for q odd, 
~4 ¢4 

k = q - V q + l  for q even. 

These estimations are due to B. Segre [7] who developed them using algebro-geo- 
metric methods, in particular the Hasse--Weil estimation. Recently J. A. Thas [10] 
proved this result for even q-s using only the Bezout inequality. 

Thesubsets Arc(t) := {oS+-i(~+~'7+n]./'=0, 1 . . . .  , q - l / q }  for t = 0 ,  1 . . . . .  q+~/q 
form also a cyclic partition of PG (2, q) if q is a square. 

In the first part of this paper it is shown that these cyclic subsets are com- 
plete (q - j /q+ 1)-arcs: 

Theorem 1.1. Let q = s  °", s>-3 and 0 ~ t ~ q + i / q .  Then Arc(t) is a complete 
(q - ( q +  l)-arc o f  PO (2, q). 

In his paper Kestenband [5] characterizes the intersections of unitals (Her- 
mitian curves). He shows that if two uni*als have q -  l/q+ 1 points in common 
then these points form an arc. However the completeness of these arcs is not proved 
in [5]. 

Using a trace-orthogonal normal basis of GF (qa) over GF (q) (Lemma 2.7) 
the following theorem is proved in the second part of this paper. 

Theorem 2.9. Let q = s  2. Then ecery (q -V 'q+l ) -arc  which is the intersection 
c!f two unitals is pro/ectively equivalent to Arc(o), hence it is complete i f  s > 2 .  

Results on the structure of unita!s also follows. 
Whenever possible, we use the standard notations, of. e.g. Hirschfeld [3] or 

Lidl--Niederreiter [6]. 

1. The construction of cyclic complete (q-~r~] +l)-arcs 

The cyclic collineation mentioned above will be the mapping T: co~oJ  +1 
induced by the multiplication with the primitive element co. 

The mapping S: x ~ x  ~3 is an involutory automorphism of GF(q 3) hence 
it induces an involutory collineation of PG(2, q). The fLxcd points of this Baer-in- 
volution are exactly the points of the Baer-subplane Baer(0). 
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Before the proof of  Theorem 1.1 we need two lemmas. 

Lemma 1.2. IArc(0)(~Baer(u)[=l for every u. 

Proof. Let co "~, mYCArc (0)OBaer (u). From the definitions of Arc (0) and Baer (u) 
it follows that q - l / q + l  and q + l / q +  1 both divide x - y ,  and since they are 
relatively prime, q '2+q+l  is a divisor of x - y .  Hence co ~ and o)Y represent the 
same point of PG(2, q). As the number of distinct Baer-subplanes of form Baer (u) = 
=lArc(0)[ = q -  l /q+ 1 the lemma immediately tbllows. | 

Lemma 1.3. Let g be an arbitrary line qfBaer (u) not containhTg xEArc (0) ABaer (u). 
Then IqnArc  (0)[ is even. 

Proof. First we prove the lemma for u=0 .  
The involutory collineation S: x ~ x  ~3 fixes Baer (0) pontwise and Arc(0) 

setwise because 

co j(q+g~+a) S = o.9( q-l~'+x- J)(q+ 1/7+1). 

Therefore Arc (O)\{~o °} is divided into disjoint pairs under the action of  S. Since 
g is a line of  Baer (0), g S = g ,  so ( g ~ A r c  (O) )S=(gS)N(Arc  (0)S)=(gOArc(0) )  
and since co°([g the intersection g2)Arc(0)  contains both members of  certain 
pairs of Arc (0). 

Now the lemma follows by applying the collineation T ''(q-~/7+1) that maps 
Baer (0) into Baer (u) and fixes Arc (0) setwise. II 

Proof of Theorem 1.1. Since Arc(t)  can be obtained from Arc(0) by applying the 
t th power of  the cyclic collineation T, it is sufficient to prove that Arc (0) is a comp- 
lete arc. 

First we show that Arc (0) is an arc. 
From Lemma 1.3. it follows that among the lines of the subplane Baer (u) 

only those ]/'q-+ 1 lines could be tangents to Arc (0) which are incident to xE Arc (0) (-/ 
~Baer  (u). So Arc (0) has at most (l/q+ 1 ) ( q - I / q +  1) tangents. On the other hand 
[Arc (0)l = q -  l / q + l  and so at least q + l  - ( q - 1 / q ) = l / q +  1 tangents pass through 
every point of  Arc (0). Therefore Arc (0) has at least ( l /q+ l ) ( q - l / q +  1) tangent 
lines. This means that the nmnber of  tangents is exactly (1~+  l ) ( q - l / q +  !): and 
the tangents of Arc (0) at xE Arc (0) N Baer (u) are the lines of Baer (u) containing x. 

Now let g be a line of Baer(v) (v#u)  through xEArc (0)(3Baer (u). From 
xEg and x~ Baer (v) it follows that g is not a tangent to Arc (0), so by Lemma 1.3. 
[gNArc (0)[=>2. Since the number of  such lines is q-l/-q, [gAArc (0)1=2 for 
every non-tangent line through x. This proves that Arc (0) is indeed an arc. 

Next we show the completeness of Arc (0). Suppose indirectly that there is 
a point xEArc (t) t # 0  for which Arc (0)U {x} is also an arc. The collineation 
group {TJ (q+l /~+l ) I f=O , l ,  . . . ,  q--I/qq} leaves Arc (0) invariant and acts transiti- 
vely on the points of Arc (t), hence for every yEArc (t): Arc (0)U {y} will be an 
arc, too. This means that for every xEArc (0) and yEArc (t) the line g joining them 
is a tangent to Arc (0). Since Arc (t) is also an arc, IgNArc (t)l-<-2. From this it 
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follows that at least (q-]/-q'+ 1)/2 tangents pass through a point x of  Arc (0). But 
this is a contradiction for s > 3  since ( q - l / q  + l ) / 2 > V q + l  if s>3 .  

In the case q = 4  Arc (0 ) :{co  °, coT, co~4} cannot be complete but for q = 9  
an explicit calculation shows that Arc (0)= {co °, coa~, co ~6, co.~9, coS.Z, co6s, co78} will 
be a complete arc. I 

2. Cyclic arcs and intersections of unitals 

In this section the connections between cyclic arcs and intersections of uni- 
tals will be investigated. 

Consider the natural homogenous coordinates in PG(2, q) (q=s~), i.e. the 
points of  the plane are represented by the vectors x=(x0,  xl, x.z) of GF(q)3. Then 
the unitals are exactly the curves defined by the equation xSHx'=O, where .5"= 
=(~x~, x~, x~) is the conjugate of _x and H=(hu)  is an Hermitian matrix, i.e. h u =  
=h7j for O<-i,j~_2. 

Remark 2.1. Kestenband shows in [5] that the intersection of two arbitrary unitals 
is projectively equivalent to the intersection ofunitals given by xSlx'=O and xSHx "= 
=0,  where I is the unit matrix and H is an Hermitian m~itrix. Moreover he proves 
that if this intersection contains exactly q -  Vq-+ 1 points then it forms an arc and 
the characteristic polynomial of H is irreducible over GF  (q). 

First we show that the cyclic arcs can be given as intersections of unitals, 
too. 

We remark that a line [u] belongs to Baer(0) if and only if (u)EBaer(0). 

Lemma2.2.  Let (a)EBaer(0) and U(a)={(x)]Tr(ax~¢7+l)=O}. Then U(a) is a 
unital. 

Proof. Consider the mapping ~za: (x)~[axqgT], [u]~(a-luqN). It is easy to check 
that re, is a correlation and it will be a polarity if and only if (a) belongs to Baer(0). 
If (x) and (y) are absolute points of 7r, then the line joining them contains 1/q + 1 
absolute points, so 7r~ is a unitary polarity for (a)EBaer(0) and its absolute points 
form the unital U(a). I 

Lemma 2.3. I f  the are Arc(t) and the unital U(a) have a eommon point, then Arc(t) 
is contained in U(a). 

Proof. Let (x) be a common point of  Arc(t) and U(a), then any further point of  
Arc(t) can be represented by y=xco uq+ ~7+~). Then we have 

Tr (ay '1¢7+I) = Tr (ax ~+1  co i(q+gT+l)(~+l)) = 

= (.0 i(q+~/~+l)(q}/~l+l) Tr(ax q(g+l) = 0 

because coi(q+l/~-t-1)(q)/ff+l)-~-co i(q'2+q+l)(~f~+l) belongs to GF(q) and Tr(a.~¢7+~)=0 
as (x)E U-(a). Hence (y)E U(a). I 
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Corollary 2.4. An arbitrary unital of  PG(2, q), q=s 2 can be partitioned into disjohTt 
cyclic ( q - t / ~  +l)-arcs. | 

Theorem 2.5. Let (x) be a point o f  Arc(t). Then Arc(t) is the intersection o f  any 
pah' o f  the ~-q+ 1 unitals U(a) with (a)EBaer(0) (3[xqgT+l]. 

Remark 2.6. It follows from the theorem of Kestenband [5] that exactly these uni- 
tals contain Arc(t), because his theorem implies that the intersection of  two unitals 
cannot contain a (q-l/-q-+ 1)-arc whenever they intersect in more than q - l T q + l  
points. 

Proof of Theorem 2.5. If (a) is a point of the line [x ~g7+1] i.e. Tr(axql/7+l)=0, 
then (x)~U(a), and U(a) is a unital if (a)EBaer(0) by Lemma 2.2. As (xqV~+a) 
belongs to Baer(0) the line Ix q¢~+J] is a line of Baer(0), hence [~VT+q meets Baer(0) 
in I /q+ 1 points. Thus we get I/q+ 1 unitals U(a) containing (x), and hence by Lena- 
ma 2.3. Arc(t) is contained by all these unitals. Then the Theorem follows by Remark 
2.6. | 

For the strengthening of  this theorem a special basis of  GF(q a) over GF(q) 
is needed. 

Lemma 2.7. For alo, prime-power q there is a traceorthogonal normal basis of  GF (q3) 
over GF(q), i.e. there is an element dCGF(q 3) satisfying 

(i) d, d q, d:  are independent elements over GF (q) 
(ii) Tr(dq+l)=0, and 
(iii) Tr(dZ) =(r-¢ 0. 

Proof. Let L={(x)EGF(q3)modGF(q)lTr(x)=O}. According to Singer [9] this 
is a difference basis in the multiplicative group GF(q  3) rood GF(q), i.e. 

(2.1) if x y - l = u v  -1 then ( x ) = ( y )  or ( x ) = ( u ) ,  

whenever x, y, u, v are elements of L. 

We distinguish two cases: 

Case a. 3~q- 1. 

Let (),')EL be an arbitrary element, x~/GF(q) and let d=x ~+1. We prove 
that d satisfies the required conditions. 

First we show that Tr (d )¢0 .  Assume indirectly that Tr(d)=0.  Then 
x, x q, x q* and x q+l, x q"+q, x l+q" are all elements of L. Now (xq+l)¢(x q) as 
x~GF(q )  and (xq)#(x :) as 3 ~ q - I .  Thus the equation xq+l . ( .~) - l=xl+q~× 
× ( x : )  -1 is a contradiction by (2.1). Next we prove that {d, d q, d:} is a basis over 
GF(q). Since 3 ( q - 1 ,  the elements d ° - d  and d':-dq are independent over GF(q),  
hence from the dependence of d, d q and d q~ the relation d=a(dq-d)+fl(dq~-d q) 
would follow for some c~, flCGF(q). Thus Tr(d)=~Tr(dq-d)+flTr(dq'-dq)=O, 
as a contradiction. 

In order to prove (ii) we calculate Tr(dq÷l). Tr(dq+1)=Tr(x(q+l)~) = 
= T r ( x  q-'+q+l .xq)=x~2+q+lTr(xq)=O, since xq~L and xq'O+q+lEGF(q). 

5* 
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Finally we prove Tr(d=)#0 indirectly. It follows from Tr(d2)=0 that 
d 2, d 2q, d2q=and d q+l, d q=+q, d l+qe are elements of L. Now ( d 2 ) # ( d q + l ) # ( d 2  9 
as 3{ 'q- l ,  thus d q+~. (d 'a)-~=d 2q. (dq+l) -1 gives a contradiction by (2.1). 

Case b. 3 lq -  1. 
Let (o be a primitive element of GF(q a) and let z=ooq-"+q+l, yi._=Ooi(q"-+q+l)la, 

,a,i='ci(q-1)la for i =  1,2.  The following relations can easily be verified. 

Y~=Ya, YlY2=r,  y~= ' cy l .  

(2.2) y ] = 2 i y  i for i =  1,2 and 

2 a = 2  a =  1, ~i27= 1, 2 1 + 2 2 = - 1 .  

Let ~, fl be arbitrary nonzero elements of GF(q) and let d=c~?y2+fl2z) ,~-~f lr .  
It can be proved that d satisfies the required conditions. 

Clearly (Y~)¢0'2) and T r0 , i )= ( l+2 i+2~) y i = 0  for i=1 ,2 .  Since I~L,  
{1, y~, Y2} is a basis of GF(q s) over GF(q). Then using (2.2) d, d q and d q= can be 
expressed as follows: 

(2.3) d q = =2 2? Ya + f12 z21Yt - ~13z, 

d q~ o .., = ~- z.-a :*'2 + fl ? z 2~),, - ~fi~. 

(2.3) means that {d, d q, d q'} can be obtained from {yx, Y2, I} by a linear 
transformation. Since the determinant of this transformation is 3a2f12z=(2,-2?)#0 
and y, ,  3,?, 1 are independent over GF(q) we have (i). 

To prove (ii) we start with Tr(dq+~)=Tr(dqd) .  Then applying (2.2) and (2.3) 
we get 

Tr (d q + 1)  = Tr ((c¢a Y2-1-/3 ~ ry~ - eflr) (c8 2= y? + fl? r2, Yl - -  0~]~'lg)) = 

= Tr (~2f12z~(2,+2~.+ 1)) = 0. 

Finally, again by (2.2) and (2.3) 

Tr (d ?) = Tr ((~?y?q-fl2zy 1 -c~flr)) = Tr (3~2f12z 2) = 9c~2fl=z= # O, 

which proves (iii). ! 

In the following we need an explicit description of an isomorphism ~p bet- 
ween GF(q) a and P={(x ,  x q, x ' Q [ x ~ G F ( q ) } .  Then (p gives an isomorphism bet- 
ween PG(2, q) and P =  {(x, x ~, xq~)[xEGF(qa)*mod GF(q)}, too. This represen- 
tation of GF(q) a in GF(qa) a was indicated in Jamison [4, pp. 258--259]. He observed 
that the linear mappings of the vector space GF(q) a can be obtained in this repre- 
sentation by applying matrices of the form 

[ A , B ,  C ] =  C q 

Bq'-' 
where A, B, CEGF(q). 

Bc I Aq Bq 

C q'~ Aq, 
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Now let (d, dq, d q~} be a self-orthogonal normal basis of GF(q 3) over GF(q) 
given by Lemma 2.7., and let 

D = d q d q~ 
d q~ d dq~ 

be a circulant matrix. Then for every ~EGF(q) 3 let ~0(~)=D~ be the corresponding 
of P. It is clear that ~o is linear over (3F(q) and, as D~-=o-I,-the inverse of ~o can 
be defined for every xEP as ~0-1(_x)=a-aDx. Hence 9 is an isomorphism between 
GF(q) 3 and P. Therefore q) can naturally be extended to the linear transformations 
by conjugation with D, i.e. for any linear transformation T of GF(q)31et q~(T)= 
=a-IDTD be the corresponding linear transformation of P. 

Remark 2.8. q0 has the following properties: 
(i) q,(/)=[1, 0, 0,]. 

(ii) (~0~), 9(/~_))=cr(E,/~_), thus q) preserves the eollinearity as a PG(2, q ) ~ P  
mapping. 

(iii) det ((p(r))=det (T). 
(iv) ~EGF(q) is an eigenvector of  the linear transformation T corresponding 

to the eigenvalue 2EGF(q) i f  and only i f  ~o(~)-a-lD~ is an eigenvector of  9(T) 
with the eigenvalue 2EGF(q). Consequently ¢p(T) -has the same characteristic 
polynomial as T has. 

(v) I f  q)(T)=[A, B, C] then qo(T')=[A, C q, B q'] i.e. ~o(T')=(cp(T))'. 
(vi) I f  q=s ~, dEGF(s) and 9(T)=[A, B, C] then (p(T)=[A ~, B ~", C~]= 

=q0(T), where U denotes the conjugate o f  the matrix U. 
(vii) Let q=s z and dEGF(s), then T is Hermitian i f  and only i f  AEGF(s) 

and B '=C hold for q)(T)=[A, B, C]. II 

Theorem 2.9. Let q=s 2. Then every (q-1/-q+ l)-arc which is the intersection o f  
two unitals is projectively equivalent to Arc(0), hence it is complete. 

Proof. Choose dEGF(s) according to Lemma 2.7 and consider the isomorphism 
9:GF(q)3-*P described above, and the unitals Ux={x%GF(q)3lx'lx_'=O} and 
U~={xEGF(q)3IffH_x'=0} as in Remark 2.1. Moreover let H=[A, B, C]. 

The matrices H and so by virtue of (vii) Remark 2.8. [A, B, C] are Hermitian, 
hence the coefficients of their characteristic polynomial f (see (iv) of Remark 2.8) 
belong to GF(s). Therefore the roots 2, 2 q, 2 q' of f a r e  contained m GF(s3). It follows 
from the irreducibility of f ( see  Remark 2.1) that these eigenvalues of H and so of 
[A, B, C] belong to GF(s3)\GF(q), moreover 2, 2 q and 2 q~ are pairwise different, 
otherwise )~EGF(s) would follow. 

Now a linear mapping V can be constructed that acts on P and transforms 
q~(U0=U(1) into itself and q~(U~) into U(2) (for the notation see Lemma 2.2). 
Hence U1 (1 U2 is projectively equivalent to U(1) fq U(2) proving the statement 
by Theorem 2.5. 

For the construction of V consider an arbitrary right-eigenvector (x, y, z)'E 
EGF (q3)3 of the matrix [A, B, C] corresponding to the eigenvalue 2. Then the vectors 
(z q, x ~, yq)" and (yq', z q~, xq") ' are right-eigenvectors of [A, B, C] corresponding to 
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the eigenva!ues 2L 2 ~, Let  W be the mat r ix  fo rmed  by these vectors  as  co lumn vec- 
tors ,  i.e. W = [ x ,  3', z]'. As  H (and hence [A, B, C]) is Hermi t ian ,  the  rows o f  W* 
( W *  =W" is the ad jo in t  o f  W)  are  the  lef t -e igenvectors  o f  [A, B, C] cor respond ing  
to the  eigenvahles 2, 2 q and  2 q:. 

I t  is wel l -known that  a lef t -e igenvector  is o r thogona l  to a r ight-e igenvector  
i f  they co r r e spond  to different  eigenvalues.  Hence  W * W = I ~ [ 1 ,  O, O] and  
W * [ A ,  B, C]W=~t[2,  O, 0] for  some element/ . t  o f  G F ( q ) .  

Then the theorem follows f rom these equat ions  with V = W * .  Ill 

Added in proof: The results  of  Section I, Coro l l a ry  2.4, and  Theorem 2.5 were 
p roved  independen t ly  by  Fisher,  Hirschfeld,  and  Thas ,  at  the same t ime [12]. 
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